By using a nonholonomic moving frame version of the general covariance principle, an active version of the equivalence principle, an analysis of the gravitational coupling prescription of teleparallel gravity is made. It is shown that the coupling prescription determined by this principle is always equivalent with the corresponding prescription of general relativity, even in the presence of fermions. An application to the case of a Dirac spinor is made.
Introduction: The principle of general covariance
The principle of equivalence rests on the equality of inertial and gravitational masses. It establishes the local equivalence between gravitational and inertial effects on all physical systems. An alternative version of this principle is the so-called principle of general covariance [1] . It states basically that a physical equation will hold in a gravitational field if it is generally covariant, that is, if it preserves its form under a general transformation x → x ′ of the spacetime coordinates. Of course, in the absence of gravitation, it must agree with the corresponding law of special relativity. The first statement can be considered as the active part of the principle in the sense that, by making a special relativity equation covariant, it is possible to obtain its form in the presence of gravitation.
The second statement can be interpreted as its passive part in the sense that the special relativity equation must be recovered in the absence of gravitation. It is important to notice that, as is well known, any physical equation can be made covariant through a transformation to an arbitrary coordinate system. What the general covariance principle states is that, due to its general covariance, this physical equation will be true in a gravitational field if it is true in the absence of gravitation [2] . In other words, to get a physical equation that holds in the presence of gravitation, the active and the passive parts of the principle must be true.
In order to make an equation generally covariant, new ingredients are necessary: A metric tensor and a connection, which are in principle inertial properties of the coordinate system under consideration. Then, by using the equivalence between inertial and gravitational effects, instead of inertial properties, these quantities can be assumed to represent a true gravitational field. In this way, equations valid in the presence of a gravitational field are obtained from the corresponding free equations. This is the reason why the general covariance principle can be considered as an active version of the passive equivalence principle. In fact, whereas the former says how, starting from a special relativity equation, to obtain the corresponding equation valid in the presence of gravitation, the latter deals with the reverse argument, that is, it says that in any locally inertial coordinate system, the equations valid in the presence of gravitation must reduce to the corresponding equations valid in special relativity.
The above description of the general covariance principle refers to its usual holonomic version.
An alternative, more general version of the principle can be obtained in the context of nonholonomic moving frames. The basic difference between these two versions is that, instead of requiring that an equation be covariant under a general transformation of the spacetime coordinates, in the moving frame version the equation is required to preserve its form under a local Lorentz rotation of the frame. Of course, in spite of the different nature of the involved transformations, the physical content of both approaches are the same [3] .
It is important to emphasize that the principle of general covariance is not an invariance principle, but simply a statement about the effects of gravitation. However, when use is made of the equivalence between inertial and gravitational effects, the principle is seen to naturally yield a gravitational coupling prescription. By using a moving frame version of this principle, the basic purpose of this paper will then be to determine the form of the coupling prescription of teleparallel gravity 1 implied by the general covariance principle.
Moving frames and associated structures
We begin by introducing in this section the strictly necessary concepts associated with moving frames. Let M be a 4-manifold representing our physical spacetime. It is well-known that, if we want to introduce spinors in this context, the existence of a global moving frame 2 (or tetrad) {e a } 3 a=0 on M must be assumed [5] . A metric g can be defined on M , according to which the elements of {e a } are orthonormal vector fields. More precisely, we define g such that g x (e a | x , e b | x ) = η ab for each x ∈ M , with (η ab ) = diag(1, −1, −1, −1). Let {x µ } be local coordinates in an open set U ⊂ M .
Denoting ∂ µ = ∂/∂x µ , one can always expand the coordinate basis {∂ µ } in terms of {e a },
for certain functions h a µ on U . This immediately yields
Let us then see how the global basis of vector fields {e a } gives rise to both a Riemannian and a teleparallel structures on M .
Riemannian structure
This is obtained by noting that the metric g on M defines a unique metric-compatible torsion-free connection, which we denote by • ∇. This is the so-called Levi-Civita connection on (M, g). It has a possibly nonvanishing curvature
and its torsion vanishes identically:
We see in this way that a tetrad can be used to define a Riemannian structure on M .
1 The name teleparallel gravity is normally used to denote the general three-parameter theory introduced in [4] .
Here, however, we use it as a synonymous for the teleparallel equivalent of general relativity, which is the theory obtained for a specific choice of these parameters. 2 We use the Greek alphabet µ, ν, ρ, · · · = 0, 1, 2, 3 to denote holonomic spacetime indices, and the Latin alphabet a, b, c, · · · = 0, 1, 2, 3 to denote anholonomic indices related to the tangent Minkowski spaces.
Teleparallel structure
The moving frame {e a } also gives rise to a global notion of parallelism on M . Given two vectors v ∈ T x M and w ∈ T y M (with possibly x = y), one can simply compare their components with respect to the global frame {e a }. This concept can be elegantly formalized by defining another connection on M , according to which the basis vectors e a are parallel. It is easily seen that there exists a unique connection w ∇ on M satisfying w ∇e a = 0. This is the so-called Weitzenböck connection associated with the moving frame {e a } (we note, however, that each tetrad induces its own w ∇).
Given a vector field X = X a e a on M , we have
the {e a }-components of w ∇ µ X are simply the ordinary derivatives of the {e a }-components of X:
The connection
with f ab c the coefficient of nonholonomy of the basis {e a }. Notice that f ab c can be expressed in terms of the tetrad components h a µ by
Now, remember that a local basis {e a } of vector fields can be expressed as a coordinate basis only if f ab c = 0. Therefore, the fact that w ∇ has a non-null torsion is closely related to the nonholonomicity of the tetrad {e a }. It is also important to note that w ∇ is compatible with the above defined metric g, i.e. g x (e a | x , e b | x ) = η ab for all x ∈ M . In fact, it follows from Eq. (1) that
Relation between the structures
As we have seen, each moving frame {e a } gives rise to both a Levi-Civita (R = 0, T = 0) and
It is important to keep in mind that, strictly speaking, curvature and torsion are properties of a connection, and not of spacetime [6] . Notice, for example, that both the Levi-Civita and the Weitzenböck connections are defined on the very same metric spacetime. The difference between these connections defines the contorsion tensor w Kµα β (we recall that the space of connections is an affine space [7] ). More precisely, defining the connection Kµαβ|x. Second, seen from the tetrad frame {e a }, we have that w Γ µab ≡ 0, and thus
Kµab. Notice that this relation holds in this particular frame. This justifies the apparent equality between an affine and a tensor quantities in this expression.
Gravitational coupling prescriptions
In this section, we use the general covariance principle to study the gravitational coupling prescription of teleparallel gravity. We start by briefly reviewing the usual holonomic coordinate version of the principle, as well as the coupling prescription it implies for the specific case of general relativity.
General covariance principle: holonomic coordinate formulation
Let us consider the Minkowski spacetime (special relativity) endowed with an inertial reference frame with global coordinates {x µ }. The motion of a free particle is then described by
In terms of general curvilinear coordinates {x µ }, the corresponding equation of motion is given by
where the coefficientsΓ αβ µ are the Christoffel symbols associated with the transformation x µ →x µ .
More explicitly,Γ
whereη µν is the expression of the same flat metric, but now written in terms of the curvilinear
The general covariance principle can now be invoked to formulate the physical and non-trivial hypothesis that the metricη µν can be replaced by a true gravitational field g µν , and consequentlȳ Γ αβ µ will represent a dynamical field, given now by
with its own degrees of freedom. Of course, the metric g µν reduces to η µν only when we are in the gravitational vacuum and y µ are inertial coordinates. Since
• Γαβ µ is the symmetric connection, we can say that the general covariance principle leads naturally to the coupling of General Relativity.
Notice that the minimal coupling prescription is already contained in the above analysis. To see that, consider a vector field with local expression X µ ∂ µ , where x µ are inertial coordinates in flat spacetime, as above. Consider the variation ∂ α X µ of X µ in the direction given by the coordinate x α . The corresponding expression in curvilinear coordinates {x µ } is easily seen to be
Under the hypothesis that in the presence of gravity the corresponding expression is that obtained by replacingΓ αβ µ by the dynamical field
• Γαβ µ , we see immediately that
couples gravity to the original field ∂ α X µ . This is the well known minimal coupling prescription of general relativity. The general covariance principle, therefore, says that gravitation is minimally coupled to matter through the Levi-Civita connection.
General covariance principle: nonholonomic formulation
We start again with the special relativity spacetime endowed with the Minkowskian metric η. If {x µ } are inertial Cartesian coordinates in flat spacetime, the basis of (coordinate) vector fields {∂ µ } is then a global orthonormal coordinate basis for the flat spacetime. The frame δ a = δ a µ ∂ µ can then be thought of as a trivial tetrad, with components δ a µ (Kronecker delta). Consider now a local (that is, point-dependent) Lorentz transformation Λ a b (x), yielding the new moving frame
where
Notice that, on account of the locality of the Lorentz transformation, the new moving frame e a = e a µ ∂ µ is possibly anholonomous, with
For this kind of tetrads, defined on flat spacetime, it follows from Eq. (3) that
where ∂ a = e a µ ∂ µ denotes the ordinary directional derivative along e a , and Λ a b Λ c b = δ c a . The free particle worldline is a curve γ : R →M , withγ = (dx µ /ds)∂ µ the particle 4-velocity.
In terms of the moving frame {e a }, we haveγ = V a e a , where (dx µ /ds) = e a µ V a . Seen from the moving frame, a straightforward calculation shows that the free equation of motion (6) can be written in the form dV c ds
where use has been made of Eq. (13) . It is important to emphasize that, although we are in the flat spacetime of special relativity, we are free to choose any tetrad {e a } as a moving frame. The fact that, for each x ∈ M , the frame {e a | x } can be arbitrarily rotated introduces the compensating term 1 2 (f c ab + f c ba − f ba c ) in the free particle equation of motion.
Let us now assume that, in the presence of gravity, it is possible to define a global moving frame {e a } on M . As we have seen in the preceding section, such moving frame gives rise to both a Riemannian and a teleparallel structures. The hypothesis to be made here is that-according to the general covariance principle-the coefficient of nonholonomy can be assumed to represent a true gravitational field. In the context of general relativity, as is well known, we make the identification
where • Γab c is the Ricci coefficient of rotation, the torsionless spin connection of general relativity.
In this case, the equation of motion (14) becomes
which is the geodesic equation of general relativity. To obtain the equation of motion in the teleparallel case, we have to identify, in accordance with Eq. (2), the coefficient of anholonomy f ab c with minus the torsion tensor:
Accordingly, the equation of motion (14) becomes
where Eq. (5) has been used. This is the force equation of teleparallel gravity [9] . Of course, it is equivalent to the geodesic equation (16) in the sense that both describe the same physical trajectory. Now, the above procedure can be employed to obtain a coupling prescription for gravitation.
Consider again a vector field X with local expression X µ ∂ µ , where x µ are inertial coordinates in flat spacetime. Then, the variation of the components of X = X µ ∂ µ in the α-direction is trivially given by ∂ α X µ . Still in the context of flat spacetime, let us again consider a more general tetrad e a = e a µ ∂ µ as in Eqs. (10) and (11) . Let us denote X = X µ ∂ µ = X a e a , where X a = e a µ X µ . Now, the variation of the components X a must take into account the intrinsic variation of {e a }. A straightforward calculation shows that [
It follows from Eq. (13) that
Now, by considering again the general covariance principle, we assume that the presence of gravity is obtained by (i) replacing e a µ by a nontrivial tetrad field h a µ , which gives rise to a Riemannian metric g µν = η ab h a µ h b ν , and (ii) replacing the coefficient of anholonomy either by Eq. (15) or (17) . In the first case we obtain
which is the usual minimal coupling prescription of general relativity. In the second case we obtain
which gives the teleparallel coupling prescription of the vector field to gravity [10] .
The covariant derivative (20) can alternatively be written in the form
with [11] (S ab )
the vector representation of the Lorentz generators. For a field belonging to an arbitrary representation of the Lorentz group, it assumes the form 4 Dirac spinor field
Dirac equation
We consider now the specific case of a Dirac spinor [12] , and apply the general covariance principle at the level of the Lagrangian formulation. Once again, let {x µ } be inertial Cartesian coordinates in flat spacetime, so that {∂ µ } is an orthonormal coordinate basis for the flat spacetime. Let ϕ represent a spin-1/2 field with respect to this frame. The Dirac equation in flat spacetime can then be obtained from the Lagrangian (we use units in which = c = 1)
where δ a µ is the trivial tetrad (in the sense that the corresponding basis of vector fields is just {∂ µ }, as in section 3.2), m is the particle's mass, {γ a } are (constant) Dirac matrices in a given representation, andφ = ϕ † γ 0 .
Let us consider now, as in section 3.2, a local Lorentz transformation Λ a b (x), yielding the moving frame e a = e a µ ∂ µ defined by Eqs. (10) and (11) . Substituting δ a µ = Λ b a e b µ , Eq. (24) reads
Taking into account the identity [13] 
with L a matrix representing an element of the covering group Spin + (1, 3) of the restricted Lorentz group, we get
where ϕ e = Lϕ is the representative of the spinor field with respect to the moving frame {e a }, and (∂ a L)L −1 is a connection term that appears due to the anholonomicity of the tetrad frame. A straightforward calculation shows that (see Appendix) 
Now, by considering again the general covariance principle as in section 3.2, we assume that the presence of gravitation in teleparallel gravity is obtained by replacing e d µ by a nontrivial tetrad field h d µ , which gives rise to a Riemannian metric g µν = η ab h a µ h b ν , and the coefficient of anholonomy by minus the torsion tensor: f ab c = − w T ab c . In addition, the spinor field ϕ e , as seen from the moving frame {e a }, is to be replaced by a spinor field ψ as seen from the corresponding frame in the presence of gravitation. This yields the following matter Lagrangian, corresponding to the Dirac equation for teleparallel gravity
where Eq. (5) has been used. Equivalently, we can write
with the teleparallel version of the Fock-Ivanenko derivative operator given by [14] 
This gives the coupling prescription for spin-1/2 fields in the teleparallel formalism. Moreover, in terms of the underlying Riemannian structure, Eq. (29a) can be rewritten in the form
which is the well-known minimal coupling prescription of general relativity, as defined by the usual Fock-Ivanenko derivative.
A straightforward calculation shows that the matter Lagrangian (28) gives rise to the equation
which is the Dirac equation in teleparallel gravity. It is interesting to note that Eq. (30) can also be obtained directly from the flat spacetime Dirac equation
by substituting ∂ µ and δ a µ with D µ and h a µ . This is a distinguished feature of the coupling considered here, since it is well known that the usual minimal coupling prescription in RiemannCartan spacetimes leads to different results when applied to the Lagrangian or to the field equations [15] .
Irreducible decomposition for torsion
We decompose now the torsion tensor in irreducible components under the global Lorentz group,
where T a = T ab b is the torsion trace, S d := ǫ abcd T abc is the torsion pseudo-trace, also called axial torsion, and q abc has null trace and null pseudo-trace. A straightforward calculation then yields
where γ 5 = γ 5 := iγ 0 γ 1 γ 2 γ 3 . After substituting in Eq. (30), we get (see also [16] )
where γ µ ≡ γ µ (x) = h a µ γ a . This is the Dirac equation in the teleparallel formalism in terms of irreducible components for torsion.
In contrast to the usual General Relativity formalism, where the gravitational coupling is given by the affine quantities
• Γ µa b , in the above equation all coupling terms have a tensorial or pseudotensorial nature. We observe that this is not a contradiction, since in the teleparallel formalism a global moving frame {e a } is fixed. This fixes, in a sense, the gauge corresponding to the affine transformations in
• Γ µa b . As a result, the Dirac equation exhibits a simpler final form, since the gravitational coupling is then realized through vector (T µ ) and pseudo-vector (S µ ) quantities. It is interesting to notice that, if ψ is a state with a definite parity (say, P ψ = +ψ), then the axial torsion S µ will couple to the state with opposite parity γ 5 ψ.
Final remarks
The general covariance principle can be considered as an active version of the passive equivalence principle. In fact, whereas the former says how, starting with a special relativity equation, to obtain the corresponding equation valid in the presence of gravitation, the latter deals with the reverse argument, namely, that in a locally inertial coordinate system any equation of general relativity must reduce to the corresponding equation of special relativity. More specifically, what the general covariance principle states is that any physical equation can be made covariant through a transformation to an arbitrary coordinate system, and that, due to its general covariance, this physical equation will be true in a gravitational field. Of course, the passive equivalence principle must also hold. Now, in order to make an equation generally covariant, new ingredients are necessary: A metric tensor and a connection, which are in principle inertial properties of the coordinate system.
Then, by using the equivalence between inertial and gravitational effects, instead of inertial properties, these quantities can be assumed to represent a true gravitational field. In this way, equations valid in the presence of a gravitational field can be obtained.
An alternative, more general version of the principle can be obtained in the context of nonholonomic moving frames, whose application is mandatory, for example, in the presence of spinor fields. The basic difference between these two approaches is that, instead of requiring that an equation be covariant under a general coordinate transformation, in the moving frame version the equation is required to preserve its form under a local Lorentz rotation of the frame. Of course, in spite of the different nature of the involved transformations, the physical content of both approaches is the same.
An important property of the general covariance principle is that it naturally yields a coupling prescription of any field to gravitation. In other words, it yields the form of the spin connection appearing in the covariant derivative. By using the nonholonomic version of this principle, we have found that the spin connection of teleparallel gravity is given by minus the contorsion tensor, in which case the coupling prescription of teleparallel gravity becomes always equivalent to the corresponding prescription of general relativity, even in the presence of spinor fields.
Finally, we remark that the form of the coupling prescription for spinor fields in teleparallel gravity has been a matter of recurrent interest [14, 17, 18] (see also [19, 20] ). In [17] , the authors argue that, when applied to teleparallel gravity, the minimal coupling associated with the Weitzenböck connection leads to some inconsistencies. As shown in [18] , such problems do not arise if the adopted teleparallel coupling is equivalent to the corresponding prescription of General
Relativity. The analysis presented here shows that such coupling naturally follows naturally from the general covariance principle.
